We investigate extensions of Malcev algebras and give an explicit example of extended algebras.
I. INTRODUCTION
Nonassociative algebras play a significant role in physics. An introduction to nonassociative physics is given in [1] , and recent developments are presented in [2] . An elementary example of a nonassociative algebra is a Lie algebra. However, a Lie algebra is too restrictive in some systems. For instance, it is known that other nonassociative algebras appear in quantum mechanics with magnetic monopoles, string theory, and M-theory [2, 3] .
A Malcev algebra [4] (or Moufang-Lie algebra by Malcev himself) is an important example of nonassociative algebras other than Lie algebras. A Malcev algebra is a generalization of a Lie algebra in the sense that any Lie algebra is a Malcev algebra but the converse is not true. A Malcev algebra plays an important role [3] , however, there still remains possible other nonassociative algebras beyond Malcev algebras may play some essential role.
In the present paper we investigate extensions of Malcev algebras and present an explicit example of extended algebras. We propose a new algebraic identity, which can be regarded as a generalization of the Jacobi identity for Lie algebras, or the Malcev identity for Malcev algebras. Because a new identity is a generalization of the Jacobi identity or the Malcev identity, we can expect that it has more chances to be relevant to broader physical systems.
Then, as applications to gravity, we demonstrate that the extended algebra can be linked with general relativity.
The paper is organized as follows. In section II, we investigate extensions of Malcev algebras. In particular, a new algebraic identity is given. In section III, we present applications of the extended algebras to gravity. Section IV is devoted to a summary.
II. EXTENSION OF MALCEV ALGEBRA

A. Deformation of the Poincaré algebra
We begin with the Poincaré algebra in 3+1 dimensions. We denote the Lorentz generators as J ab , and the translations as P a , with a, b = 0, 1, 2, 3. The Poincaré algebra is defined by
[
where η ab is a metric with a signature (−, +, +, +), and [·, ·] is a Lie bracket. The Poincaré algebra is a Lie algebra, that is, eqs. (1a)-(1c) satisfy the following Jacobi identity,
where x, y, and z are any elements in the algebra.
In this paper we study an extension of Lie algebras to non-Lie algebras in which the Jacobi identity is violated. As a minimal example, we set the deformation of eq. (1c),
Here, ǫ abcd is a totally anti-symmetric Levi-Civita symbol with ǫ 0123 = 1, and λ is a physical constant with dimensions of (Length) −2 . If the value of λ is sufficiently small, it is difficult to experimentally distinguish between eqs. (3) and (1c). However, as long as λ is nonvanishing, eq. (3) yields a non-Lie algebra. We will find that the algebra thus obtained is a generalization of Malcev algebras.
We find that the following identities hold,
These identities are explained as follows. Eqs. 
Furthermore, eq. (5) and an anti-commutativity of a bracket [·, ·] imply that the following identity holds,
In abstract algebra, eq. (6) is called the anti-associative law. This anti-associativity leads to a violation of the Jacobi identity.
B. Malcev algebras
We have confirmed that eqs. (1a), (1b), and (3) do not satisfy the Jacobi identity, that is, the deformed algebra is not a Lie algebra. Then, it is natural to ask whether it is a Malcev algebra, which is a generalization of Lie algebras.
A Malcev algebra is defined as an algebra that satisfies the following Malcev identity [4] ,
Eq. (7) is a generalization of the Jacobi identity as follows. Here, it is convenient to define
which is totally anti-symmetric in x, y, and z. We can rewrite eq. (7) in terms of a ternary
Proof of eq. (9);
If an algebra is a Lie algebra, that is [x, y, z] = 0, then it implies the validity of eq. (9).
Therefore, any Lie algebra is a Malcev algebra, and in this sense the Malcev identity is a generalization of the Jacobi identity.
However, we find that eqs. (1a), (1b), and (3) do not satisfy the Malcev identity. For instance, we set x = P 0 , y = P 1 , and z = P 2 in eq. (9), and then we have
Thus, we have learned that eqs. (1a), (1b), and (3) do not satisfy either the Jacobi identity or the Malcev identity. In other words, the deformed algebra is not either a Lie algebra or a Malcev algebra. In section II C, we present a new identity that the deformed algebra obeys.
C. Extension of Malcev algebras
In this paper we present the following new identity,
It should be noted that each term includes four brackets (the Jacobi identity has two brackets, and the Malcev identity includes three brackets). We show that eq. (12) is a generalization of the Malcev identity, and then we will find that the deformed algebra satisfies eq. (12) .
First, we show that any Lie algebra satisfies eq. (12) . This can be proved as follows. We can rewrite eq. (12) 
If an algebra is a Lie algebra, that is [x, y, z] = 0, then it implies the validity of eq. (13).
Therefore, any Lie algebra satisfies eq. (13).
Furthermore, we show that any Malcev algebra satisfies eq. (12) . This can be proved as follows. For any Malcev algebra, we can rewrite the second term in eq. (13),
where we have used eq. (9). Eq. (15) implies the validity of eq. (13). Therefore, any Malcev algebra satisfies eq. (13). Thus, the new identity, eq. (12), is a generalization of the Malcev identity.
Here, we find that the following identities hold, 16h) is nontrivial. To demonstrate the validity of eq. (16h), we set x = P 0 , y = P 1 , and z = P 2 in eq. (16h) (it is straightforward to calculate other x, y, and z), and then we find that
Thus, eqs. (1a), (1b), and (3) 
[J ab , J cd , P e ] = 0,
regarding eq. (8) . A ternary system equipped with eq. (18d) is called a Lie 3-algebra A 4 [12] or a quaternionic triple system [5] . In those literature, a ternary system equipped with eq. (18d) has been studied as a ternary system, in which a binary operation denoted by a bracket [·, ·] is not necessarily defined. In contrast, in the present paper, eq. (18d) is a consequence of eqs. (1a), (1b), (3), and (8), which define binary operations on the algebra.
III. APPLICATIONS TO GRAVITY
In this section we present applications of the extended algebra to gravity. We begin with a theory of the spin connection and the vierbein in four dimensions. We will denote the Lorentz indices as a, b, c, d, the spacetime indices as µ, ν, ρ, σ, and the Minkowski metric as η ab , of signature (− + + +).
The spin connection ω µ ab and the vierbein e µ a can be regarded as components of a single gauge field A µ ,
We then calculate the curvature tensor
Here, the coefficient of J ab is the curvature tensor for the Lorentz group,
and the coefficient of P a is the torsion tensor,
Substituting eq. (3) into eq. (20), we have
where
For an infinitesimal gauge parameter u, the gauge transformation of the gauge field should
Here, a gauge parameter u is a zero-form u = 1 2 τ ab J ab +ρ a P a , with τ and ρ being the infinitesimal parameters. Furthermore, since the Jacobi identity is violated, the transformation law
which implies that δ is not a derivation. Then, we have
Here, we set τ ab = 0 for simplicity, since a Lorentz invariance is trivial. Then, we calculate
In order to construct the Einstein-Hilbert action, we set the following symmetric bilinear form,
This is not invariant under the gauge transformation, however, it will be shown that the variation of the action δS is proportional to T µν which vanishes.
Using this form, we obtain the action S = F, F ,
or simply as
the Einstein-Hilbert term. The field equations are obtained from this action; variation with respect to the vierbein leads to the Einstein equation in vacuum, and variation with respect to the spin connection leads to the field equation, T µν a = 0.
Here, the field equation T µν a = 0 is algebraic in ω µ ab , which implies that ω µ ab can be described in terms of e µ a . Substituting ω µ ab written in terms of e µ a into the action, we can go to the second order formalism that contains only the vierbein e µ a . We calculate the variation of the action under the transformation generated by P a , 
Thus, we find that δS is proportional to T µν a which vanishes.
IV. SUMMARY
In this paper we have investigated some algebraic properties of extension of Malcev algebra. In particular, we have proposed a new algebraic identity given by eq. (12) . We have shown that eq. (12) can be regarded as a generalization of the Jacobi identity for Lie algebras, or a generalization of the Malcev identity for Malcev algebras. Then, we have presented applications of the algebra to gravity. The algebra studied in this paper has a potential for other applications, just as Lie algebras or Malcev algebras.
